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Eumelanin is regarded to be an attractive candidate material for biomedical applications. Despite many
theoretical studies exploring the structure of eumelanin, an exact mapping of the energetic landscape of the very
large phase space of eumelanin is still elusive. In this work, we implement a piecewise Ising Model to predict
formation enthalpies of Eumelanin single and double tetramers, and demonstrate its superior predictive and
generalizable capabilities. We believe this model will prove very useful in theoretically characterizing the many
unique properties attributed to its disorder. The modular nature of the predictive Ising model built up in this
work is well-suited for analysis and characterization of a larger phase space of eumelanin polymers, including
hexamers and octomers, as well as larger stacked structures, such as potential triple and quadruple eumelanin
tetramers. Absorbance data can be incorporated with population-wide predictions of polymer abundance to
produce weighted-average predictions of broadband absorbance of bulk eumelanin.
I. INTRODUCTION
Eumelanin is a subgroup of melanin pigments found in liv-
ing organisms that plays an important role in skin coloration
and UV protection.1 The precise chemical structure of eu-
melanin is still not completely known because it is highly
cross-linked and insoluble in available solvents.2 Among or-
ganic polymers, eumelanin occupies a unique position be-
cause of: (i) its widespread occurrence in nature, from peo-
ple and mammals to fish, birds and molluscs;3 (ii) the vari-
ety of biological roles, from photoprotection to scavenging
of reactive oxygen species4,5 and metal chelation;6 and (iii)
distinct physical and chemical properties, including broad-
band photoabsorption throughout the visible range,7 water-
dependent ionic-electronic semiconductor-like behavior,8 sta-
ble free radical character and efficient nonradiative energy
dissipation,9 making eumelanin an attractive candidate for
biomedical and technological applications. Despite growing
interest in eumelanin-type functional materials and systems,
the exact structural underpinnings due to the highly insoluble
and heterogeneous character of these polymers, has proved
challenging.10
In parallel, interest in miniaturized medical implants and
edible biometric sensors has led to a need to develop novel
biodegradeable batteries, based on eumelanin extracted from
the common cuttlefish (Sepia o f f icinalis)11,12. Electrochem-
ical characterization indicates the possibility of electrochem-
ical intercalation of up to two sodium ions per eumelanin
unit.11 The theoretical analysis in the work of Kim et al.11
utilizes a stacked tetramer model to rationalize these find-
ings, originally proposed by Kaxiras et al.13 Recently, another
study has explored the geometric complexity possible within
the Kaxiras model.14–16 While these studies represent impor-
tant strides, a complete energetic landscape of double tetramer
is still elusive given the large phase space.
Systematic exploration of large phase spaces for crys-
talline materials is enabled through the Ising Model (or cluster
expansion).17–19 The general methodology involves calculat-
ing the system energy for a subset of structures and training a
model that can be used to then subsequently predict the rest of
the phase space with very high accuracy. In this work, we de-
velop an Ising model to describe the interactions in-plane and
out-of-plane for a double tetramer. Utilizing 108 density func-
tional theory calculations, we train an Ising model that pre-
dicts on an test set with an accuracy of 0.15 eV. The model is
generalizable and allows for an accurate mapping of the ener-
getic landscape of a double tetramer. We believe this analysis
can form the basis for further characterization of broadband
absorbance, electrochemical ion interacalation, etc.
II. METHODS
A. DFT Simulations and Structure
In this work, the primary molecular structure considered
for this study is a double eumelanin tetramer, building on the
work of Kaxiras et al.13 While other possible structures such
as hexamer20,21 and octomer22 are important, we have chosen
to utilize the double tetramer structural model to demonstrate
our methodology. As will be discussed later, this model can
be extended to other possible structures of eumelanin.
The specific structures simulated for this study includes 3
types of eumelanin monomers: hydroquinone (HQ), indole-
quinone (IQ), and quinone-methide (MQ).23 The fourth and fi-
nal monomer type described by Kaxiras, quinone-imine (NQ),
was not used in this study, since it is an isomer of quinone-
methide (MQ). In the context of planar tetramer assembly and
ion intercalation, its structural difference is negligible, and
thus it is expected to produce structures with similar forma-
tion enthalpies. The monomer structures are represented in
Fig. 1.
We introduce the following naming scheme to describe the
geometric arrangement of simulated structures. The double
eumelanin tetramers are planar in the X-Y plane, stacked one
above the other along the Z axis. This is one of the sta-
ble stacked structures when vdW interactions are taken into
account.11 Looking down the Z axis onto the X-Y plane, the
monomers of the lower tetramer are named first, starting with
the monomer in Quadrant 2 and proceeding clockwise. Fol-
lowing the 4 monomers of the lower tetramer, the 4 monomers
of the upper tetramer are named, in the same order. All
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2FIG. 1. Structures of the 3 primary eumelanin monomers used to form single and double tetramers investigated in the present study.
monomers are designated by the first letter of their acronym
(H for hydroquinone, I for indolequinone, M for quinone-
methide). Thus, for instance, in an example tetramer HHHM-
HHHM, the 2 sets of 3 hydroquinones, in Quadrants 2, 1, and
4, are situated one above the other, and the 2 sets of single
quinone-methides, in Quadrant 3, are likewise situated one
above the other. Fig. 2 illustrates the structures of an example
planar tetramer and an example double tetramer.
In addition to simulations of the double eumelanin tetramer,
single eumelanin planar tetramers were also simulated, to
compute formation enthalpies of the double tetramers from
single tetramers. As will be discussed later, the purpose of
these calculations was to ensure the out-of-plane interactions
between the simulated pairs of planar double tetramers were
properly quantified and accounted for.
Finally, single eumelanin monomers were also simulated,
to compute formation enthalpies of both the single and double
eumelanin tetramers. These single monomers were simulated
in their stable standalone configuration, with an additional 2
hydrogen atoms, which are lost in the polymerization process
into tetramers, retained on the monomers.
Self-consistent DFT calculations were performed using
the Projector Augmented Wave Method as implemented in
GPAW,24 with the Bayesian Error Estimation Functional25
with van-der-Waals correlation26 (BEEF-vdW) exchange-
correlation functional. All molecules were simulated in stan-
dalone bulk cells measuring 20 x 20 x 17 A˚, with all periodic
boundary conditions disabled. Calculations were run with a
real-space grid of 0.18 A˚ The Conjugate Gradient eigensolver
was used to facilitate convergence of the simulations. Fermi-
Dirac occupation smearing of 0.01 eV was used to expedite
simulation convergence while providing accurate results. All
structures were geometrically relaxed until the net force in the
simulated molecule was decreased to 0.05 eV.
B. Formation Enthalpies from Bulk Simulations
Several sets of formation enthalpies were calculated for
the assemblage of simulated structures, including relevant
monomers, planar tetramers, and double tetramers.
First, formation enthalpies of only the double tetramers (T-
T) were calculated, using DFT-calculated internal energies of
the double tetramers and DFT-calculated reference energies
for the constituent elemental species: carbon, hydrogen, ni-
trogen, and oxygen.
∆HaT−T =U
DFT
T−T −∑
C
ERe fC −∑
H
ERe fH −∑
N
ERe fN −∑
O
ERe fO +∆pV
(1)
The pressure-volume work term, ∆pV, can be disregarded,
as it is typically about 5 orders of magnitude smaller
than internal energy contributions in formation enthalpy
calculations.27,28
Elemental reference energy for hydrogen was calculated us-
ing simply the DFT-calculated internal energy of hydrogen
gas, H2. Elemental reference energy for carbon was calculated
using bulk graphite.29 The reference energies for oxygen and
nitrogen, however, required additional correction, since both
are well-known to be poorly described within DFT.30,31 Oxy-
gen reference energy was calculated using the standard water-
reference scheme,32 using DFT-computed internal energies of
water and hydrogen gas, as well as the experimental formation
enthalpy of water:
ERe fO =U
DFT
H2O −UDFTH2 −∆H
Exp
H2O
(2)
Nitrogen reference energy was calculated using a similar,
ammonia-reference scheme,33 using DFT-computed internal
energies of ammonia and hydrogen gas, as well as the experi-
mental formation enthalpy of ammonia:
ERe fN =U
DFT
NH3 −3/2UDFTH2 −∆H
Exp
NH3
(3)
3FIG. 2. Examples of a Eumelanin tetramer and Eumelanin double tetramer, showing the planar arrangement of monomers within tetramers
and the parallel sheet stacking of tetramers.
In addition to calculating formation enthalpies of the double
tetramers from the elemental basis, formation enthalpies of
the single planar tetramers (T) and the single monomers (M)
were also computed, using the same elemental basis.
∆HaT =U
DFT
T −∑
C
ERe fC −∑
H
ERe fH −∑
N
ERe fN −∑
O
ERe fO (4)
∆HaM =U
DFT
M −∑
C
ERe fC −∑
H
ERe fH −∑
N
ERe fN −∑
O
ERe fO (5)
C. Ising Model Coefficients
In order to map out the energetic interactions between the
eumelanin monomers, both within the planar tetramers and
across the planes of the double tetramers, we utilize a mod-
ified Ising Model for the lattice Hamiltonian. As imple-
mented, the model consists of a lattice of N sites i, whose
filling is described by occupation terms, σi. All terms within
the Ising Model are calculated using formation enthalpies of
the monomers and polymers, referenced to their constituent
atomic species, as described above. The occupation energies,
h, in this implementation of the Ising Model, represent the
formation enthalpies of the monomers directly. As there are 3
types of monomers used in the explored configuration space of
eumelanin double tetramers, 3 types of occupation terms were
used: hH , hI and hM , each term corresponding to the formation
enthalpy of its corresponding monomer. In addition to the oc-
cupation terms h, energy contributions to the full polymer due
to monomer-monomer interactions were captured by the in-
teraction terms j. Several types of interaction terms are iden-
tified, separated into in-plane interactions between monomers
situated in the same planar tetramer, ji, and out-of-plane in-
teractions between monomers situated in opposing tetramers,
jo. Within each category, interactions between monomers oc-
cupying nearby quadrants are accounted for, jin and jon, as
well as interactions between monomers occupying diametri-
cally opposed quadrants, jid and jod . Finally, interactions be-
tween monomers situated in opposing dimers but in the same
geometric quadrant, one underneath another, are accounted
for as jou. Thus, a total of 5 major types of interaction terms
are used in the Ising Model: jin, jid , jou, jon, jod . Within each
type of interaction term, there is further distinction as to the
types of monomers involved, with the full set of permutations
between H, I, and M accounted for: HH, HI, HM, II, IM, and
MM.
Two schemes were used to calculate the above occupation
and coupling terms for the Ising Model. In the first scheme,
the formation enthalpy data of eumelanin double tetramers,
calculated through DFT simulations, was used to derive the
full set of corresponding Ising Model coefficients in a sin-
gle step, though a least-squares regression fit using Wolfram
Mathematica. Each double tetramer formation enthalpy was
described as:
∆HaT−T =∑
〈i〉
hiσi+∑
〈ik〉
jini,kσiσk+∑
〈ik〉
jidi,kσiσk+
+∑
〈ik〉
joui,kσiσk+∑
〈ik〉
joni,kσiσk+∑
〈ik〉
jodi,kσiσk (6)
The second scheme broke down the calculation of Ising
Model coefficients into three distinct steps, using the forma-
tion enthalpies of the monomers, single tetramers, and dou-
ble tetramers for each step, respectively. First, the formation
enthalpies of the monomers were used to calculate the occu-
pation terms h directly. A correction had to be implemented
4for hydrogen, since each monomer lost two hydrogen atoms
when it was polymerized into a tetramer:
∆HaMi −2E
Re f
H = hiσi (7)
Next, the formation enthalpies of the single planar tetramers
were used to calculate the in-plane coupling coefficients ji.
The formation enthalpy of a single tetramer contains contri-
butions both from the presence of individual monomers and
their in-plane interactions:
∆HaT =∑
〈i〉
hiσi+∑
〈ik〉
jini,kσiσk+∑
〈ik〉
jidi,kσiσk (8)
To isolate the energetic contributions of in-plane interactions,
we subtracted the occupation-energy contributions of the con-
stituent monomers, which were quantified in the preceding
step, from the formation enthalpy of the tetramer. In effect,
the formation enthalpy of a tetramer from the monomer basis
was calculated. The resultant energy was used to calculate the
in-plane coupling coefficients, though a least-squares regres-
sion fit using Wolfram Mathematica:
∆HaT −∑
〈i〉
hiσi = ∆HMT (9)
∆HMT =∑
〈ik〉
jini,kσiσk+∑
〈ik〉
jidi,kσiσk (10)
Finally, the formation enthalpies of the double tetramers
were used to calculate the out-of-plane coupling coefficients
jo. As discussed in the one-step scheme, the formation
enthalpy of the double tetramer contains information about
all types occupation and coupling terms, so we subtracted
the occupation-energy contributions, calculated using the
monomers, and the in-plane interaction-energy contributions,
calculated using the single tetramers. Effectively, the remain-
ing energy represented the formation enthalpy of a double
tetramer from its constituent single tetramers. This forma-
tion enthalpy was used to fit the out-of-plane interaction co-
efficients, though a least-squares regression fit using Wolfram
Mathematica:
∆HaT−T − (∑
〈i〉
hiσi+∑
〈ik〉
jini,kσiσk+∑
〈ik〉
jidi,kσiσk) = ∆H
T
T−T
(11)
∆HTT−T =∑
〈ik〉
joui,kσiσk+∑
〈ik〉
joni,kσiσk+∑
〈ik〉
jodi,kσiσk (12)
D. Double Tetramer Phase Space
Following the derivation of the interaction coefficients,
these coefficients were applied to predict the formation en-
thalpies of the entire phase space of relevant eumelanin dou-
ble tetramers. If every possible permutation of HQ, IQ, and
MQ within a double tetramer is considered, there exist a total
of 6561 distinctly named double tetramers. However, many
of these tetramers are simply rotated or flipped equivalents
of other tetramers within the same phase space. To account
for this phase space degeneracy, the full set of Ising Model
coupling coefficients for each of the 6561 configurations was
calculated analytically, and families of configurations which
matched the set of coupling coefficients had all but one mem-
ber removed from the phase space. This left a total of 1032
distinct, non-degenerate double tetramer configurations in the
phase space.
To provide training data for the Ising Model, a total of 85
double tetramers composed of HQ, IQ, and MQ monomers
were simulated in DFT using the BEEF-vdW exchange-
correlation functional. In addition, the 3 monomers them-
selves were simulated in DFT, as well as 20 intermediate sin-
gle planar tetramers.
This study yielded two sets of interaction coefficients, as
described above: one derived from the formation enthalpies of
the double tetramers calculated directly from the atomic basis
in one step, the other derived from the formation enthalpies
of the double tetramers, single tetramers, and monomers, all
calculated from the atomic basis, in three steps. The use of
the BEEF-vdW exchange correlation functional generates a
non-self consistent ensemble of energies, which was used to
train an ensemble of Ising models. It has been shown that the
ensemble of energies reliably reproduces trends in energies at
the GGA-level.34–37
To most adequately represent the distribution of predicted
formation enthalpies of the melanin double tetramers, it was
decided to use a histogram plot of the calculated formation en-
thalpies predicted for every double tetramer configuration. To
produce these plots, the double tetramers were sorted in order
of increasing average formation enthalpy, as calculated across
the full ensemble of 2000 values predicted by the BEEF-vdW
functional. For every double tetramer, the standard deviation
of formation enthalpy was calculated across all 2000 predicted
BEEF-vdW values, to indicate uncertainty in the calculation.
This standard deviation was represented as a band on the his-
togram of formation enthalpies, centered on each individual
column of the histogram. The band provided for each col-
umn represents the standard deviation of formation enthalpies
relevant only to the double tetramer structures present in that
column. Since the standard deviation slightly differed for in-
dividual double tetramers, the resultant bands are slightly but
negligibly different for each column.
III. RESULTS & DISCUSSION
Using the 1-step calculation for formation enthalpy of the
double tetramers, it was found that the average formation en-
thalpy across all simulated double tetramers, calculated from
the atomic reference basis, was −14.7 eV, with a standard de-
viation of 3.1 eV. Double tetramers containing a higher pro-
portion of HQ (hydroquinone) were found to be the most sta-
ble, down to −19.3 eV, while double tetramers containing
higher proportions of MQ (quinone-methide) exhibited the
least negative formation enthalpies, up to−5.22 eV. The stan-
dard deviation of calculated formation enthalpy for each in-
5dividual double tetramer, throughout the phase space of the
BEEF-vdW ensemble was calculated as well. The average of
these standard deviations for the set of simulated structures
was 2.9 eV, with an overall standard deviation of just 0.1 eV.
The average formation enthalpy of an individual planar
tetramer, calculated from the atomic basis, was −5.09 eV,
with a standard deviation of 1.92 eV. Thus, it was expected
the formation enthalpy of the double tetramer from single pla-
nar tetramers would be of comparable order-of-magnitude to
the formation enthalpy of the said tetramers. As calculated,
the average formation enthalpy of a double tetramer from its
constituent single tetramers was −1.88 eV, with a standard
deviation of 0.58 eV. From this observation, it was apparent
that the out-of-plane coupling coefficients derived through the
Ising Model should be lower than the in-plane coupling coef-
ficients.
Finally, formation enthalpies of the individual monomers
were calculated from the atomic basis. The average magni-
tude was found to be −1.46 eV, with a standard deviation of
1.11 eV. Since each corresponding h term, derived from the
formation enthalpies of the monomers, had to account for the
loss of 2 hydrogen atoms, the average magnitude of the occu-
pation energies used in the 3-step Ising Model was 6.49 eV.
In both least-squares fits of the coupling coefficients used
with the Ising Model, as fit to the training data, the reported r2
was very high, in excess of 0.99, for all ensemble-specific sets
of coefficients. However, the values derived for the coupling
coefficients differed strongly. Tab. I outlines the results sum-
marized across each type of coupling coefficient, while Table
II provides a more complete database of coefficient values,
with statistics available for each individual coefficient present
in the system.
Coeff Grand µ (1S) Grand σ (1S) Grand µ (3S) Grand σ (3S)
h -0.28 0.08 6.49 1.11
jin -0.26 0.23 -4.03 0.24
jid -0.46 0.30 -7.40 0.22
jou -0.46 0.37 -0.14 0.17
jon -0.20 0.23 -0.05 0.11
jod -0.44 0.04 -0.12 0.06
TABLE I. Statistics on calculated Ising Model coefficient values, in
eV, summarized across each general type of coefficient. Mean of
means and standard deviation of means data provided for coefficients
calculated using the 1-Step and the 3-Step calculation schemes.
It is evident that although both methods are able to match
the formation enthalpies of the double tetramers well, the
1-Step calculation method provides a less physically inter-
pretable model. In addition, this set of coupling coefficients
fails to predict the formation enthalpies of single tetramers
well. The predicted coefficient values using the 1-Step calcu-
lation are not generalizable as no data regarding the monomers
and single-tetramers data were used in the training. It is worth
highlighting that this 1-Step analysis would constitute a black-
box application of the Ising model for double tetramer model.
On the other hand, the results provided by the 3-Step cal-
culation method are far more systematic, generalizable and
physically meaningful. In the full set of fit Ising Model coef-
Coeff. µ (3S) σ (3S)
hH 5.23 1.21
hI 6.92 1.25
hM 7.33 1.29
jinHH -3.82 0.56
jinHI -3.89 0.56
jinHM -4.32 0.57
jinII -3.88 0.56
jinIM -4.37 0.57
jinMM -3.92 0.56
jidHH -7.16 1.03
jidHI -7.23 1.03
jidHM -7.55 1.04
jidII -7.24 1.03
jidIM -7.68 1.04
jidMM -7.56 1.03
jouHH -0.18 0.1
jouHI -0.43 0.14
jouHM -0.17 0.14
jouII -0.07 0.07
jouIM -0.01 0.11
jouMM 0.04 0.09
jonHH -0.11 0.06
jonHI -0.17 0.05
jonHM -0.06 0.06
jonII 0.11 0.09
jonIM -0.1 0.05
jonMM 0.04 0.07
jodHH -0.09 0.07
jodHI -0.15 0.07
jodHM -0.06 0.07
jodII -0.08 0.09
jodIM -0.11 0.07
jodMM -0.23 0.05
TABLE II. Statistics on calculated coefficient values, in eV, in the
eumelanin Ising Model. Mean and standard deviation data provided
for individual coefficients across the 2000 values exported with the
BEEF-vdW ensemble, for Ising Models computed using the 3-Step
calculation scheme.
ficients, it was found that the occupation coefficients and the
in-plane coupling coefficients contribute the bulk of the for-
mation enthalpy of a double tetramer, as was expected since
out-of-plane interactions are dominantly vdW interactions and
do not involve any chemical bonding. Of the in-plane interac-
tion coupling coefficients, the coefficient across the diagonal
of a single tetramer was found to be almost twice the mag-
nitude of the nearest-neighbor coupling coefficient. We in-
terpret this as indicative of the stability of the tetramer as a
standalone polymer: if the nearest-neighbor coupling coeffi-
cient was much greater in magnitude than the diagonal cou-
pling coefficient, the monomers may have preferred to form
a ribbon that could stretch indefinitely, rather than forming a
self-contained tetramer unit. Finally, all out-of-plane coupling
coefficients were found to be much lower than the in-plane
coefficients, as expected from the formation enthalpy calcula-
tions.
The effect of this disparity between the two methods can be
seen in the predicted statistics regarding the expected forma-
6tion enthalpies of the full double tetramer phase space. Fig.
3 shows the histogram of formation enthalpies of all dou-
ble tetramers, as calculated using the 3-step computational
method described above. In the plot, it is easy to see that
there are some independent peaks, which correspond to dou-
ble tetramer phases with a specific number of hydroquinone
monomers, but the histogram overall follows a standard Bell
curve. For comparison, Fig. S1 (provided with the Supporting
Information document) shows the same histogram produced
for the formation enthalpies calculated using the 1-step com-
putational method. That histogram demonstrates much more
significant peak formation, indicating a much stronger depen-
dence of formation enthalpy on the presence of hydroquinone
monomers, and, by extension, the out-of-plane coupling inter-
actions, as these are magnified in the 1-step computation.
From these two formation enthalpy plots, it can be seen that
the 1-Step method and the 3-Step methods generally predict
the ensemble of formation enthalpies within the same range
of values, both throughout the phase space of eumelanin dou-
ble tetramer configuration, as well as the phase space of the
BEEF ensemble. However, the characteristics of this phase
space as predicted by the 1-Step and 3-Step methods differ.
The 1-step method over-predicts an excessive reliance on the
specific geometric configuration of the double tetramer, most
likely due to its excessive emphasis on out-of-plane interac-
tions within the phase space of tetramer geometry. The 3-
step method reduces the enthalpic contribution from the out-
of-plane interactions, and thereby produces a much smoother,
more continuous plot. It is observed that the 3-Step method is
more accurate at matching the formation enthalpies of calcu-
lated test data.
Formation enthalpy calculations showed that the single and
double tetramers with the highest fraction of HQ monomers
possess the lowest, most stable formation enthalpies, as com-
pared to eumelanin structures with a higher fraction of IQ and
MQ monomers. This observation was replicated throughout
the entire phase space of double tetramer structures predicted
by the Ising Model. This observation implies that within a
mixture of eumelanin monomers polymerizing into double
planar eumelanin tetramers, in the thermodynamic limit, dou-
ble tetramers rich in HQ will be preferentially formed out of
the available HQ population first, with only a small fraction
of HQ monomers ultimately bound within IQ- and MQ-rich
double tetramers.
The coefficients calculated from the Ising Model indi-
cate that in-plane interactions are strongest between an
MQ monomer and a dissimilar monomer; both the nearest-
neighbor and the diagonal next-nearest-neighbor interactions
between HQ and MQ or IQ and MQ are stabilized by 0.3
- 0.5 eV compared to analogous in-plane interactions not
involving MQ. This indicates that single planar tetramers
formed with a small amount of MQ monomers are more sta-
ble than monomers with a mixture of HQ and IQ monomers
alone. Out-of-plane coefficients calculated from the Ising
Model indicate that the strongest interactions involve HQ
monomers, either in combination with fellow HQ monomers
or other monomers. This is expected, since the HQ-rich dou-
ble tetramers were found to be the most stable structures in-
vestigated, stabilized both by the presence of HQ monomers
and their out-of-plane interactions.
These observation has significant implications for the an-
ticipated intercalation potentials of ions into these double
tetramers, as one of the preferred locations for intercalation of
ions is the double tetramer’s inner ring. The HHHH-HHHH-
type double tetramer carries 8 hydrogen atoms protruding into
the inner ring, which may hinder ion intercalation, while the
IQ-rich and MQ-rich double tetramers carry fewer hydrogen
atoms protruding into the inner ring, and may possess strong
binding centers for ion intercalation.
Recent experimental and ab− initio simulation work indi-
cates that the eumelanin tetramer and the eumelanin stacked
double tetramer play an important role in metal ion binding
and broadband absorption of bulk eumelanin.11,13 Our results
arre consistent with earlier work by Kaxiras et al.13 where they
show that hydroquinone-rich phases of eumelanin display are
consistently more stable of the eumelanin polymers, ranging
from dimers to tetramers, as compared to polymers poor in
HQ. The modular nature of the predictive Ising model built up
in this work is well-suited for analysis and characterization of
a larger phase space of eumelanin polymers, including hexam-
ers and octomers, as well as larger stacked structures, such as
potential triple and quadruple eumelanin tetramers. Further-
more, as the model allows for phase-space-wide prediction of
relative stability of specific polymers, it can be incorporated
in a predictive model used to study the broadband absorbance
of bulk eumelanin, by utilizing a weighted average of bulk
polymer composition and calculated absorbance data.
IV. CONCLUSIONS
In this study, we have built a generalizable, physically
meaningful Ising model to describe the energetic interactions
of eumelanin. This model allows a precise mapping of the
very large phase of eumelanin structures within the double
tetramer model. We highlight the importance of carrying
out a step-wise training of the model coefficients using first
the monomer enthalpies, followed by the single tetramer en-
thalpies and finally the double tetramer. The developed model
will prove to be extremely useful in rapidly exploring the ab-
sorbance, ion interacalation of eumelanin within the double
tetramer model. We also believe the developed methodology
can be extended to other possible structural models for eume-
lanin such as the hexamer, octamer, etc.
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I. FORMATION ENTHALPIES OF MONOMERS AND
TETRAMERS
The primary molecular structure considered for this study
was the double eumelanin tetramer. Double tetramers in-
cluded in this study’s simulations were built up from 3
types of eumelanin monomers: hydroquinone (HQ), indole-
quinone (IQ), and quinone-methide (MQ). To accurately com-
pute interaction coefficients among the monomers within the
tetramers, it was necessary to separately calculate the DFT
formation energies of both the monomers and the double
tetramers’ constituent single tetramers. These formation en-
ergies were computed using the atomic reference, and are re-
ported below. Further in the study, these formation enthalpies
were used to compute occupation and in-plane interaction co-
efficients of the Ising Model.
Monomer µ ∆H σ ∆H
H -2.72 0.19
I -1.03 0.26
M -0.63 0.30
TABLE S1. Atomistic formation enthalpies of the 3 monomers used
in this study. It is important to note that these formation enthalpies
were computed for stable, standalone monomers, with a complete set
of carbon-bound hydrogens, since these form the basis of polymer
formation in solution. During polymerization, two of these hydro-
gens are lost, and that loss was accounted for in the calculation of
occupation energy terms of single and double tetramers.
II. FORMATION ENTHALPIES OF DOUBLE
TETRAMERS
Formation enthalpies of a selection of double eumelanin
tetramers are presented below. These are separated into
two subsections: double tetramers with a majority of hydro-
quinone monomers (at least 5 of 8 monomers), and double
tetramers with a minority of hydroquinone monomers (at most
3 of 8 monomers). The strong dependence of formation en-
thalpy on HQ monomer abundance can be easily observed in
the presented data, with a difference of over 12 eV between
the all-HQ double tetramer and the presented HQ-free double
tetramers. This dependence is best reflected in the occupation
and in-plane interaction terms of the Ising Model developed
for the double eumelanin tetramer presented in the main work.
Tetramer µ ∆H σ ∆H
HHHH -8.66 0.90
HHHI -7.21 0.95
HHHM -7.97 0.94
HHII -5.65 1.00
HHIM -6.38 1.00
HHMM -6.41 1.01
HIHI -5.67 1.01
HIHM -6.51 1.00
HMHM -6.88 1.00
IHIM -4.90 1.04
IIHM -5.02 1.05
IIIH -4.00 1.08
IIII -2.31 1.15
IIIM -3.33 1.13
IIMM -3.41 1.14
IMIM -3.84 1.15
MMIH -4.98 1.06
MMMH -4.31 1.13
MMMI -2.83 1.21
MMMM -1.53 1.30
TABLE S2. Atomistic formation enthalpies of the 20 single
tetramers used in this study. As can be observed, single tetramers
with the highest fraction of HQ monomers have the lowest formation
enthalpies, and observation that remains consistent for formation en-
thalpies of double tetramers as well.
2Doub.Tetrm. µ ∆H σ ∆H
HHHH-HHHH -19.35 2.81
HHHH-HHHI -18.38 2.81
HIHH-HHHH -18.35 2.83
HHHH-HHHM -18.31 2.78
HHHH-HHIH -18.24 2.82
MHHH-HHHH -17.99 2.79
HHHH-HMHM -17.39 2.89
HHHH-HIHM -17.27 2.83
HHHH-HHMI -17.26 2.81
HIHH-HHHI -17.25 2.86
HHHI-HHIH -17.25 2.87
HHHH-HMHI -17.24 2.83
HHHH-HIHI -17.21 2.86
HHHH-HHII -17.12 2.87
HHHH-HHIM -17.07 2.84
MMHH-HHHH -16.86 2.86
HHHH-HHMM -16.78 2.90
HHHI-HHHI -16.57 2.79
HHHM-HMHI -16.07 2.86
HHHM-HMHM -16.05 2.85
HHHH-HMII -16.04 2.86
HHHH-HIIM -15.96 2.88
HHHI-HIHM -15.81 2.83
HHHH-HMMI -15.79 2.90
IHMM-HHHH -15.79 2.91
HHHI-HHIM -15.62 2.84
HHHM-HHMM -15.59 2.84
HHHI-HIHI -15.40 2.84
HHHI-HHII -15.36 2.85
TABLE S3. Atomistic formation enthalpies of representative HQ-
rich tetramers used in this study. As can be observed, double
tetramers with the highest fraction of HQ monomers have the great-
est formation enthalpies.
III. PREDICTED FORMATION ENTHALPY
HISTOGRAMS
Histogram plots of formation enthalpies of the full double
tetramer phase space highlight the difference in the predic-
tions provided by the 1-Step Ising Model and the 3-Step Ising
Model developed to describe the double eumelanin tetramer.
Both methods predict formation enthalpies within the same
population bound, and with a similar population mean. How-
ever, the 1-Step model over-predicts the dependence of for-
mation enthalpy on hydroquinone abundance, and thus coa-
lesces the histogram primarily around several strong peaks,
corresponding to HQ abundance from 0 to 8 monomers within
the investigated tetramers. The 3-Step model diminishes this
overprediction by smoothing out the distribution, especially
in the high-HQ abundance region, making the full histogram
closer to a regular Gaussian distribution. Intermediate struc-
tures with partial HQ filling are better described by this 3-Step
model, as are the single tetramers, which the 1-Step model
fails to predict accurate formation enthalpies for.
3Doub.Tetrm. µ ∆H σ ∆H
IMMH-HMHM -13.21 2.96
IHII-MMHH -12.88 3.00
MHHI-HMMI -12.83 2.97
MMMM-HHHH -12.46 2.99
HIIH-MHMM -12.41 3.00
HHII-MMMH -12.28 3.05
HMHM-HMMM -12.22 3.00
HHHI-MMMI -12.14 3.01
MMMH-MMHH -11.76 3.00
HHMM-HMMM -11.76 3.01
IHIM-IHIM -11.49 2.82
MMHI-MMHI -11.47 2.84
MMII-MMHH -11.38 3.02
MMMH-IHMI -11.10 3.02
MMMM-MHHH -11.04 3.08
MMMH-MMMH -9.47 3.13
MMII-MMMH -9.12 3.08
MMMM-MMHH -9.06 3.14
MMMI-MMMH -8.42 3.12
MMMH-IMMM -8.05 3.07
MMMM-MMMH -6.80 3.23
MMII-IIII -6.11 2.92
MMMM-MMMI -5.22 3.26
TABLE S4. Atomistic formation enthalpies of representative HQ-
poor tetramers used in this study. As can be observed, double
tetramers with the lowest fraction of HQ monomers have the smallest
formation enthalpies.
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FIG. S1. Predicted formation enthalpies of the full double tetramer phase space using the 1-step computational method. Strong reliance on
tetramer configuration can be seen, with well-defined peaks corresponding to individual families of tetramers, identified by the presence of
discrete numbers of hydroquinone monomers in their structure.
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FIG. S2. Predicted formation enthalpies of the full double tetramer phase space using the 3-step computational method. Weak reliance on
tetramer configuration can be seen, with a comparatively continuous distribution of formation enthalpies across the families of tetramers.
